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1. /j’( DA E*ﬁ 45 & ;k p) J: Find the following indefinite integral. 2. /j’( D) T *ﬁj % ;k bp) J: Find the following indefinite integral.
. 1— 2 1+ 2
[ r(2) g (x)ae=r(x)g(x)= | r/(x)alx) ax sin? o = LE828 o — L cos2a

v

. 1. o
il EO j x sin x dx = j x(—cosx) dx sin @ cos =g {SIH(O‘+B)+ sin( a 3)}

' e En )
= x(—cosx)— j(x) (—cos x ) dx #i /O cos? x dx
= — i r 7 2
xcosx + sinx + C _ +c§s xdx:%x%—%sin,Zx%—C
HATED
HEO j x cos x dx YA ,
HEO sin? x dx
v rEn '
BIEO j x2 cos x dx = j x2 (sinx) dx — -
, B jE @ sin? 3 x dx
= x? sinx~j(x2)sinxdx ‘
r 7 — 6 .
= #dx:%x~%smé x+ C
= x? sinx —2 j x sin x dx
B/u?‘fé@ u 9 d
= x? sinx +2 xcosx —2 sinx + C 8 ) o8 4 x dx

HATEN

HEE® j x2 sin x dx

%%ﬁr@ j sin 2 x cos x dx

{sin(2 erx)Jr sin(2 xfx) } dx

N‘\

:%X(Sin3x+sinx)dx

%‘J%ﬁ@ jlog(x-f— l)dx:jlog(x—i- )x( x + l)rdx ; ;
:7(~ ?0053 x — cosx) + C
x +7

x + 7 dx

(x+/ )log(x%-/)*j

:~%cos3x *%cosx%- C
(x+/ )10g(x+/)~j dx

(x+/)10g(x+/)~x+c F'Fﬁ E@ jsin?)xcostdx

AN

F‘n% HE j log (x + 2) dx
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/j’(@T E*ﬁ \% ;k&) J: Find the following indefinite integral. /j’(@T *ﬁj % ;k&) J: Find the following indefinite integral.
Jf(x)g'(x)dx:f(x)g(x)— j f'(x)g(x)dx sin? a = I_EOSZQ , cos? a:%
- _1y. o
?@J%ﬁ@ j e de — j x(—efx)’dx sin a cos 8 = 5 {sm(a—i—B)—i— s1n(a B)}
1
:x(~e*x)~j(x)'(~e‘x)dx cos a cos f3 = 7{00s(o¢+3)+ cos(a—B)}
. . 1
— _xe* _eXi( s1nas1nB:—7{00s(o¢+3)—cos(a—3)}
HATE N Ao e n
HEOD j x e¥ dx BIEEO | cos? 3 xdx
= | TEOSO X gy m Lt Lsing xtC
LA (
WO sin? 4 x dx
nn En !
(AIF=1®) j x2e *dx = j x2(—e ) dx
=— x? e‘x~j(x2 ) (—e %) dx ’~7le LE@ j cos 3 x cos x dx
=—x? e ¥ 42 jxe‘x dx ;
e s xe® 5 e¥ L jj cos x+x)+ cos(Sxfx)}dx
b 7
MO ijQxdx :Tj(cosélx%—cos,Zx)dx
:%(%Sinélx%— %Sin,Z x)+C
7. /.
=5sin4x+ sin2x+ C
bAEDL
O j cos 3 x cos 2 x dx
iz n !
1 5 D j log x dx = j log x % (x ) dx

= xlogx — j(logx)’xdx
= x log x — j dx

=xlogx—x+ C

HATEN

HE® j(logx)de

(ol
>
g

-
©

j sin 2 x sin x dx
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Differentiate the following trigonometric functions.

o Py
sin? x tan x

ARl 1 cos x
15l /A = —
tan x sin x
[ : !
( 7 ) ro (cos x) sin x — cos x (sm x)
tan x o sin? x
~ —sin? x —cos’ x 7
N sin? x N sin? x
HATE N
& tanx
STVHEETEA B{:
KOT RS %Rk 7@ ¢ @ di~r@ e @ [ 7@ ) dx
Find the following indefinite integral.
v x dx
[ 2
in? x

j ( tan )dx

tanx
- tanx j tanx
X !sin x[’
=— + ; dx
tan x sin X
x .
= — +log’smx’+C
tan x
bAEWN d
i j _xdx
cos® x

/Sa’CL *E S A

K

b
ERE G &R K, |7 e @ dv=r@ g @ [1 0 gl ax

Find the following indefinite integral.

x \’
ijIngdx ZX(T) log x dx

x’ %3 '
E log x — j T(logx) dx
xd / j 2
E log x ] dx
3 3
log x — xT+C
jxlogxdx

[@rnema={(+1)(-e?)a
) e [ @) (- e dx
—(x ) e +j e ¥ dx

+/)e‘x ~ex+C:~(x+2)e_x+C
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Find the following indefinite integral. Find the following indefinite integral.
I ].ng . LAt EREL I 2 . HLhAEEREL
i [ g X Stk i [ xe *ax XE etk o
- . dt 7 / - @ 2 . du -
logx =t & B & D~ x dx = dt u=—x*k L dx =—2x, du=—2 xdx
log x - j .
J 5w [ a [xe®ae— L[ e (2 x)a
_ I 2 _ 1 2
=5+ C= 2(logx)+C ; ; i
== jeudu =— TG”%‘C:* e Y+ C
bAEL ( }2 Lkt E R A
1 e j‘ IOix dx KE LML oA EIAE RS
D i jxex dx XE 4 5
@®
i | logxd "log x d b
[ — W ,
© j 08 X ax j(x) 08 £ ax 5 #E jxe:}xdx:jx(%e?’x)dx
= x logx~jx(logx)’dx @ ; g
:Txegx— j(x) Tegxdx
= x logxfjx(%)dx
/
— L X _ L 3X
:xlogx~jdx a xe 3 je dx
= x logx —x+ C = —xe* - ——e¥¥ L C
bATEN '
[=] - b
@E jlog(x—i—?))dx j(x-l—S)log(x-i—S)dx i jxe xdx—jx(—e x)dx
@
bAEL 9 , 9
A X(log x)” dx = j (x) (logx)” dx
@
b '
1 e jx2e Ydx = j xz(—e x) dx
@
HATEWN 10 X - L [
1! —g—2 dx = (— X )logxdx
@ X
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1. KK@T/E%/\%ZK&)J:

Find the following indefinite integral.

=N . 1

(E=10) j xsin 2xdx = j x(— ?COSZDC) dx
fx(f 5 cos Zx)f j(x)’ — T cos Zx)dx
:x(~ Tcos2x)~j(— 2s1n2x)dx
=— 5 xcoslx+ %31112 x+ C

HATEWD

HEOD jxsin?)xdx

=N

FlEO j xcos 4xdx = j x( 4s1n4x) dx
:x(%sml/x)fj(x)’( Zmn#x)dx
:x(%sm 4x)~j%cos4xdx
= %xsinl/x%— #cosl/x%—C

HATEWY

HEO jxcos2xdx

v En . 1 ’

EE18) j x2sin 4 x dx = j xz(— 4 Cos 4x) dx
= x? (f %cosl/x)fj(xz)’(f%cosl/x)dx
= x? (*%cosélx)%—%jxcos#xdx
= — sz cos 4 x+ 5 x31n4x+32 cos 4 x +C

nn En

il E® ijCOSZxdx

MhT ) [
2. /j’( D] Eﬁ %I % 1%( /\ H J: Differentiate the following function.
WJE%E y =
@
, (sinx)' cos x /
Yy = ) - . -
(smx) sin x tan x
HATE W
i y=—log | cosx |
@
N 1
FlE y=—F"
©) tan x
, (cosx)'sinx~cosx(sinx)'
y = —
(smx)
__—sin? x —cos’ x /
o sin? «x o sin? x
bAE W
HE y=tanx
@

ekl ST HERL b

3. WOAREMD KD &,

Find the following indefinite integral.

LI e T R el L
S KON S
- taflx +X ———
= S+ log|sinx |+ C

i Xﬁdx :j x (tan x ) d
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Find the following indefinite integral.

Find the following indefinite integral.

v En
B DO j xsin(x + 1)dx

[ wsin(x+7)ax= j{*wqmqnw
=—weos(x+7 ) = [ (2)'{ —cos(x+7 )} dx
= —xcos(x+7 )+X cos (x +7 )dx
=—=xcos(x+7)+sin(x+/7)+C

i jcosx/x_ dx

- . dx

t=Vx £ 3L, 7
jcosx/x_dx:j,Ztcostdt:j,Zt(sint)’dt

x =t =2 t,dx =2 tdt
=2 tsint — X(z t) sint dt
=2 tsint~2j sintdt =2 tsint +2 cost + C

=2 vx sinvx +2 cosvx +C

HAEN

HE® jsin\/x_ dx

%J%@ j eV™ dx
t=vx LBk, x=1t %:2tdx—2tdt
Xe”‘_dx:jzte dt:jzt(et)'dt
:2tet~j(2t)'etdt
:2tet~2j eldt=2te! —2e'+C
— e (Vi1 )+ cC
%n%%@ j e V" dy
F'n%v%ﬁ@ j e% dx
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1. KKOD TEAEZEH e B T R H, 2. ROARERD & RD X,
Express the following fractional expression in simple form. Find the following indefinite integral.
e 2 N j 222+ 3x+ 1
?@J%‘E@ 2x*+ 3x+ 1 il /i D PO dx
x + 2
2 x —7 3
2 ®+3 x+7 x4+2)2 27+3 x+7/ H’Z’C*H x+2 )dx
2 x4 x .
=(x+2)(2x—7)+3 —x +/ xralg|aiofec
—x —2 bA 2x2_3x_1
2 23 x 47 (2x—1) 3 3 HE® j x— 2 dx
x+2 + x+2
v D 2x2—_3x— 1
X 2
nv En 2x+ 1
e j x>+ 252+ x dx
B I / /
X( x x 47 * (x +7)? )dx
:log|x|~log|x+/|~ ! + C
x+7
AR 2x+ 1 -
BEO AL 2x + 1
W+ 2x2+ x EiEEIO) j —x3ﬁ_2x2 dx
2 x+7 . 2 x 47
42 K+ x(x +7)?
a b
X * x +7 * (x+/)
a(@+2 x+7)+ b+ %)+ cx
x(x+/)2
at+b=0,2a+t+tbtc=2,a=/ Lk P ]
a=/7/.,b=—7, c=7 uY B j x+ 1) (x+ 2 dx
2 x+7 _ / n / B j( / B / )dx
O+2 P+ x T x x +7 (x +7)7 a x 47 x 42
@;ffé@) 2x + 1 :log|x+/ |~log|x+2|+C

X+ 2 x2

24N /

HE®© f )i @

(ol
>
g

20 2
o | g
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Express the following fractional expression in simple form.

LB |

,. o 242+ 5x— 1
v En 2 _
{5 B D 2x*+ 5x — 1 il /i D j 1 3 dx
x+ 3
2 x —7 _ _ 2
2 xt+5 x—7 x+3)2x2+5xf/ X<2x It T )dx
2 x'tb x .
=(x+3)(2x—7)+2 R — = —x+21lg|lx+3 |+
— x—3 Gl 2%+ 4x + 2
2 x5 x—7 (2x—1) 2 2 N j x+ 2 dx
x +3 + x +3
LAY 2%+ 4x + 2
HED x + 2
mwsg@ 1
I —
Hae | —4ad
B ;T /
j(ﬂcz x+x+/)dx
:~—~log|x|+log|x+/ |+C
nniEn 1
PO —37— o X 1 p
) Bt 22 Y
/ - / a b c
x' 4 x’ « (x +7) 2T Tt
/ o o2 / ;
a — X = =
x? (x +7) x=0 (0+7)
/ x( +/) ! /
C X _= f—
x’ (x+/) x=—7 (~ /)2
x=7 ok E, B 1
/ _ /+ b+ / [P B E G j (x+3)(x+4) dx
73477 ? 7 747
a7 = )e
A S S— B x+3 x+4
x4 x’ x’ x x+7
b A7 4 :log|x+3 |*10g|x+l/ |+C
N X3+ 2 x2 F‘%Uﬁ@) 1 P
! j x(x+ 1) X
'b/u?‘:"ﬁ@ j‘ 3 d
) xix+3i X
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Express the following fractional expression in simple form.

Find the following indefinite integral.

nnEn 7 x%_8
PO x2+3 x+2
7 x+§& 7 x+§& o a n b
¥ +3 xt2 (x+7) (xt+2) — x+7 x 42
7 x+8 ‘() 7(—7)+¢
a =—F—1;— Xl ==
(x+7) (x+2) x=—7 (—7+2)

7 x+8 ‘(5 2) 7(—2)+¢
e x — p—
(x+7) (x+2) x=—2 (—2+7)

7 x+é 7 6
“+3 x+2  x+7 x+2
bHATEN 21?%1
O 2.
A xB%_Z
e x2+3 x+2
/ x —3
2042 X+3 xt+2 ) & +2
¥ +3 2 x
=(x—3 ) (2243 x+2 )47 x+§ 32722 +2
—3 %9 x—b
x3+2 sy 7 x+8 7 x 48
x*+3 x+2 43 x+2
o 7 6
A R B
VD 3 2
e %
X X

/

6

x+7

—3 x+2 log |x+7|+6 log|x+2]+ C

T x +2 )dx

bATE
]
@

f

2x3+ 2x2+ 6

x2+ 2x

dx




B VAVBREAEAMY @ 38 [

&/f?t% Mhiz b nizh bbb o M £
2. / D \ﬂiiﬁj};é)jz&bzko

o)1 ST HE b
1. /k@ PEAEMHE R Y TR,
Express the following fractional expression in simple form. Find the following indefinite integral.
. nn L 2x2_3
v En 2 __
pmo —2X =3 o | 2 a
x — 2
2 x +/4 j( 5 )
2 22—3 x—2)2 & —3 DA R R
2 x4 x _
—(x—2)(2 x+4)+s L x—3 =« +4xtslogla—2 [+
4 ox —§ H A0 2x2_ 4
2 23 x 47 (2% 44 ) 5 5 N j x—1 &
x+2 + x—2
bAEL 2 _
i By E@ 235_—4
X 1
LANELN 2x+ 1
7l @ j 2rrl g
. I / 3
7j< x x—7 * (x —7) )dx
nuEn 2x+ 1 _ _ — — S
IR o R —10g|x| 10g|x /| —7 + C
by
2 x+7 _ 2 x 47 AR @ j x3ix2;1x dox
—2 ¥+ x x(x —7)?
a b
o x * x —7 * (x~/)
a2 x+7)+ b %)+ cx
x(x—7)
a+b=0,-2a——b+c=2,a=7 &k
a=7,b=—7, ¢c=3 &Y
2 x+7 7 / n 3
42 M+ x T x x +7 (x +7)7
bt 3x+1 FE® j 1 d
A T2 X [ X
A E() x3_+ 2“2_+ x Q?+‘1)(X‘+ 3)
_ 1 I 7
2 j( x 47 x+3 )dx
/
:7<10g|x+/ |~10g|x+2 |)+C
BAﬁé(} 1 d
" j Ct+ 1)+ a &
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Express the following fractional expression in simple form.

Find the following indefinite integral.

2 A X 25>+ 3x+ 2
?@J%‘E@ 2x*+ 3x+ 2 il /i D 1 dx
x+ 1
2 x+7 - /
2 x*+3 x+2 x+/)2x2+3 x+2 j(2x+2+ x+ 7 )dx
2 x*+2 x )
(et ) (2w ) — —x 42 x+log|lxts |+ C
x +7 e D j 2x+ 4x+ 3 B
2x2+3x+27(2x+/) 7 7 3 x+ 1 X
x+7 + x +7
Sl 2 x4 x+3
RO x+7
v 1
i 2 @ jm
H/ 7 7
- x (x +7)? x +7/
nnEn 1 - a b c
PlEe (x+1)2 x+(x+1)2+x+1 :10g|x|+ x%/—/ ~log|x+/|+C
a = ! X x ! =7 SR 1
x(x +7)? x=0 0 (0+7)? HEQ X x(x+ 12 °
/ /
b= x (x +7)° = =—7
x(x+7)7 et 1) Xx=— —7
x=7 ok g,
/ / —/ c -
(7 +17)? R () A S
/ Y A
x(x+/)2 X (x+/)2 x+7
bHATEN 1 a b c
O x(x—l)Zi x (—1)2 x— 1
%‘J%ﬁ@ jﬁdx
_ L / T
3 X( x —3 x )dx
:%<10g|x~3 |~log|x|)+C
bAED 1
HEE6) jmdx
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Express the following trigonometric functions using cos 2x.

Find the following indefinite integral.

nnrEn .

B sin? x

cos 2 x = cos(x + x)= cos’ x — sin? «x
=(/—sin? x)— sin? x =/—2 sin? x

L- 7, sinzx:%(/~cos2 x)

H A
i RE E cos? x

)

o¥  wEbIILE o<
. Yk D *ﬁ Nz ﬁ; j/b ° Derive the following product to sum formula.

nnikEn

IO sin « cos B
sin(e + B)= sin « cos B + cos a sin B D
sin(e — B)= sin « cos B — cos a sin B @
O+@ &
sin(a+ B)+ sin(oa~ B):,Z sin « cos fB
sin « cos f§ = %{sin(a + B )+ sin(a — B)}

bATEWD
MED cos a sin B

%J%@ sin « sin B
cos( + B)= cos a cos B — sin « sin B <D
cos(e — B)= cos « cos B + sin « sin B @
O-@&n
cos(a + B)— cos(a — B)=—2 sin « sin B
sin @ sin 8 = — %{cos(a%—[%)* COS(aﬁB)}

HATED

RIE® cos a cos B

{5l 8 D j(sian-f— cos 3x + 1)dx

= — 5 cos 2 x +

——sin3 x+ x + C

I
(i <

@® j(sinl/ x -+ cos b x+7 )dx

nniEn

% E @ j cos? x sin x dx

u=cosx &3 (L du—=—sinxdx
j cos? x sinx dx = — j cos” x (— sin x ) dx
*:ﬁj u’ du :%uS%—C :~%coszx+0

HATEN

HEE© jcos3xsinxdx

nnEn
@) j cos? 2 x dx

X(H-coséZ x)dx

x + %sinéZ x + C

bAEW
1 BH @ j sin? 3 x dx

nnEn
%1 B ® j sin 4 x cos x dx

:%X(Sin5 x + sin 3 x)dx

:~/—0(:os5 X —

%0053 x+ C

HATEN

HE® j sin 3 x sin x dx
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1. /j’(@%gﬁ%ﬁ/\ﬁ J: Differentiate the following function. 4. Yk@ﬂi *ﬁj Zg;kgy‘) J:o Find the following indefinite integral.
=z FOLAY AN
WJ%E y = tan x 11| RE j cos3 x dx
(sinx )’ cos x — sin x (cos x )’ O 2 .
y' = :j cos xcosxdx:j(/~sm2 x)cosxdx
(cosx)z
 cos? x4+ sin?x 7 u=sinx & 3 (& du = cosxdx
o 2 o 2
cosT X cosT X j(iﬁsinz x)cosxdx:j(/~u2)du
bAEN 1
il y = tan x :u~%u3+C:Sinx~%Sin3x+C
bHAEN
I RE j sind x dx
©)
&9 Lxdomw
2. /k@k I %?ﬂi e XL, Prove the following equation.
tan2x + 1 cos™ X
7 B 7
tan? x +7 sinx |2
( CcoS X ) +/ FOLAY AN 1
| —pd
sin x
cos? x @ ) )
= ) + 7 = (:()s2 X o j‘ sin X o j‘ sin X dx
sin® x + cos* x QED ) sl x ) B
F'n%v%:iﬁ tan2x+1:+ u=cosx ¥ Bk —sinxdx = du
cosTx j sin x dx 7} — sin x dx 7} du
/— cos? x cos? x — 7 u? —7
_— g j / — / )du
u—7 u—+7
/
7(10g |cos x — /| — log | cos x + 7| ) +C
7 cosx —/
SINEESL b — ) ‘ +C
3. /j’(@ \E*ﬁﬁj\% KD J:o Find the following indefinite integral. cos x + /
nnEn 1 B/uffé j‘ 1
151 R j mdx n'ﬂ@;f%_ oS X dx
=tanx + C
HATL
@ sin“ x
HATL
1 j tan? x dx
)
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Differentiate the following function.

WJ;%E y = log | cos x |

~10g|cosx |+ C

( cos x )' — Ccos X
y' = = - = — tan x
( Ccos X ) sin x
HATE N X
RifE y = log | sin x |
oE ST HEETEAL B%
2. Yk DA Eﬁﬁz §7\ RO X ° Find the following indefinite integral.
nniEn
{51 R j tan x dx

F'n%fﬁ j ;dx

tan x

oE SATHHEETEL b L
3. ROANEMTZRD L, Find the following indefinite integral.

PR !

11| A j xsin3xdx = j x(— %cosSx) dx
_ I ! A
=—3 xcos 3 x — X ~3cos3x dx
_ 7 VA
—~3x0033x+ 9sm3x+C

H xcos 3 xdx

nniEn

11| A j x2cos3xdx =

J =

=3 X sin 3 x — X 3 sin

jxsin3 x dx

s1n3x>ydx

~ w‘!—‘

3x)dx

:sz sin 3 x + "; xcos3x~2‘2—7sin3x+C

bAE

F%%E

j x2 sin 3 x dx

4. ?E@éé B 4% & cost%Fﬁb"C ?@J@I

Express the following trigonometric functions using cos 2x.

nnEn
i)

cos 2 x = cos( x + x)= cos? x — sin? x

cos? x

= cos? x —(7— cos? x)=2 cos? x —7

Lo, coszx:%(/%—cosz x)

HATEN
M sinZx
ek STVnHEEREAL bL
5. RORNEMTERD L, Find the following indefinite integral.
v
15 B j cos* x dx
_ 2 ..\2 _ A 2
—X (cos x) dx—j{ 7 (/+cos2 x)} dx
:% (742 cos2 x+ cos? 2 x)dx
:% {/+2 cos 2 x + %(H— cos 4 x)}dx
% (3+4 cos 2 x + cos 4 x)dx
3 VA VA
7 x t—sin2 x+ J5sin4x+ C
HATEN
i j sin x dx




